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Abstract 



Random invariant manifolds are geometric objects useful for understanding com- 
plex dynamics under stochastic influences. Under a nonuniform hyperbolicity or 
a nonuniform exponential dichotomy condition, the existence of random pseudo- 
stable and pseudo-unstable manifolds for a class of random partial differential 
equations and stochastic partial differential equations is shown. Unlike the in- 
variant manifold theory for stochastic ordinary differential equations, random 
norms are not used. The result is then applied to a nonlinear stochastic partial 
differential equation with linear multiplicative noise. 
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Key words. Stochastic PDEs, random PDEs, multiplicative crgodic theorem, random dynamical sys- 
tems, nonuniform hyperbolicity, invariant manifolds. 

1 Introduction 

Invariant structures in state spaces are essential for describing and understanding 
dynamical behavior of nonlinear random systems. For random dynamical systems, 
these invariant structures are usually random geometric objects. Stable, unstable, 
center, and inertial manifolds, as special random invariant structures, have been con- 
sidered in the investigation of stochastic partial differential equations or stochastic 
evolutionary equations in infinite dimensional spaces [3 [l2l [131 HSl El HSl El El] • 
More detailed historical account of this subject may be found in [8l [T2]. 

In this paper, we are concerned with invariant stable or unstable manifolds for in- 
finite dimensional random dynamical systems, especially those systems generated 
by stochastic or random partial differential equations (SPDEs or RPDEs), under 
some weak conditions. Our approach for establishing invariant manifolds for infi- 
nite dimensional random dynamical systems is based on a nonuniform exponential 
dichotomy, also called nonuniform pseudo-hyperbolicity, for the linearized random 
dynamical systems. When a multiplicative ergodic theorem (MET) holds pTl [T8] . 
nonuniform pseudo-hyperbolicity also holds. Moreover, unlike the invariant mani- 
folds theory for finite dimensional random dynamical systems j28[ [2] , we make no 
use of random norms. To be more precise, the structure of our analysis is the fol- 
lowing. Before proving the existence of invariant manifolds for a nonlinear (random 
or stochastic) partial differential equation (PDE), we analyse the linear system as 
a first approximation. We prove that the fundamental solutions of our linear PDE 
generates a random dynamical system that is linear and compact (for every positive 
time t). The partial differential operator generating this equation is supposed to 
be uniformly elliptic and random. The long-time behaviour of this linear random 
dynamical system is analysed under a nonuniform pseudo-hyperbolicity condition, 
which also implies an exponential dichotomy result. We then use a cut-off procedure 
to obtain the existence of local (pseudo) invariant stable and unstable manifolds for 
nonlinear random systems by using the Lyapunov-Perron technique. 
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The paper is organized as follows. In Section [21 we recall some basic concepts for 
random dynamical systems. In Section [3l we discuss multiplicative ergodic theo- 
rems and exponential dichotomies for linear cocycles. We prove that when a mul- 
tiplicative ergodic theorem (MET) holds in an infinite dimensional Hilbert space, 
a nonuniform exponential dichotomy (i.e., nonuniform pseudo-hyperbolicity) also 
holds (Theorem 13. 4p in the same Hilbert space. Furthermore, we obtain sufficient 
conditions under which a stochastic partial differential equation generates a con- 
tinuous random dynamical system (Theorem 13. 5p . We then prove pseudo-stable 
and pseudo-unstable manifold theorems for random and stochastic partial differen- 
tial equations (Theorems 14. II and 14. 2p . under nonuniform pseudo-hyperbolicity (see 
Definition 14. ip . in Section U) Finally, in Section [5l we demonstrate our invariant 
manifold theorem for an example of stochastic partial differential equations. 

2 Random dynamical systems 

We now recall some basic concepts in random dynamical systems. First we introduce 
an appropriate model for a noise. Such a model is given by a metric dynamical 
system defined by a quadrupel {il,J^,V,9), where {fl,!F,F) is a probabihty space 
and is a measurable flow with time set T being R or Z: 

For the partial mappings 0{t, •) we use the symbol 9t. We then have 

Of o Or =: 9t9r = Ot+r for r G T, 9^ ^ idn. 

The measure P is taken to be ergodic with respect to the shift operators 9t ; see l6] . 
The standard example for a metric dynamical system is induced by the Brownian 
motion. Let F be a separable Hilbert space and let Co(M, V) be the set of continuous 
functions on R with values in U which are zero at zero equipped with the compact 
open topology. We denote by T the associated Borel-cr-algebra. Let P be the Wiener 
measure on J-' which is given by the distribution of a two-sided Wiener process with 
trajectories in Co(M, V). For the definition of a two-sided Wiener process see Arnold 
[5] Page 547. The flow 9 is given by the Wiener shifts 

9tLj{-)^uj{-+t)-uj{t), teR, cj en = Co{M.,V). 

In this case the measure P is ergodic with respect to the flow 9. 

For some Polish space (complete separable metric space) H a random dynamical 
system is given by a mapping 

(fi : {T+ X n X H, B{T+) (g) T (S> B{H)) {H, B{H)) 

which has the cocycle property: 

ip(t + T,UJ,x) ^ Lp{t,9rU},Lp{T,U},x)), t,T^T+, W G 17, 

(/3(0, UJ, x) = X. 
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Cocycles are generalizations of semigroups reflecting some non-autonomous dynam- 
ics. 

Suppose that for some flow 9 the differential equation 

u' ^ f{0tu,u), u{0)=xeH 

has a unique solution on any interval [0, T] for T > 0. Then the solution mapping 
{t,uj,x) (p{t,LL!,x) defines a cocycle. If this operator depends measurably on its 
variables then ip defines a random dynamical system. 

In what follows we have to transform one random dynamical system into another. 
To do this we need the following lemma. 

Lemma 2.1 Consider the mapping 

T -.Qx H -> H, 

and assume that T{lu, •) is a homeomorphism for any uj E il, and T(-, x), T(-, x)~^ 
are measurable for any x E H . If ip is a continuous random dynamical system, then 
so is -0 defined by 

^p{t,uj,x) T{9tuJ,ip{t,uj,T{uj,xy^). 

The proof is straightforward. We note that, by the assumptions of the lemma, the 
mappings T and are measurable from x H to H, see Castaing and Valadier 
[9] Lemma III. 14. 

For our purpose, a class of random variables will be crucial. A random variable 

X:{n,T)^{M.+ \{0},B{R+\{0})) (2.2) 

is called tempered if 

hmi^^i^^.O 

t^oo t 

for uj contained in a {9t}teR invariant set of full measure. Such a random variable 
X is called tempered from below if X^^ is tempered. We note that, in the case of 
ergodicity, a random variable defined in (j2.2p is either tempered or alternatively 
there exists a {9t}teT invariant set Q of full measure such that 

\og+ X(9tuj) ~ 
limsup — +0O, u! £ It. 

t— ►±oo t 

A random variable is tempered if and only if there exists a postive constant A and 
a positive random variable Ca(w) such that 

X{9tLj) <CAiio)e^* for teJ (2.3) 

for UJ in some {^tjfgT invariant set D, of full measure. 
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We need the following definitions and conclusions about the measurability of linear 
operators. 

Let Hi, H2 be separable Hilbert spaces. A mapping uj B{lo) £ L{Hi,H2) is 
called strongly measurable if uj —^ B{uj)h is a random variable on H2 for every 
h e Hi. 

Lemma 2.2 Let Hi, H2, H3 be three separable Banach spaces. Let B be a strongly 
measurable operator in L{Hi, H2), and let C be a strongly measurable operator in 
L{H2,Hz). Then 

(i) B : X Hi ^ B{u))h G H2 is measurable, 
(a) C o B is strongly measurable in L{Hi, H3) 
(Hi) Lu \\B{u})\\i^(^ff^jf^-f is measurable. 

(iv) Let Hi a dense set in Hi and suppose that oj — > B{uj)h is measurable for 
h G Hi . Then B is strongly measurable. 

Proof, (i) Follows from Castaing and Valadier [5] Lemma in.l4. and (ii) is a con- 
sequence of (i) . (iii) follows because the unit ball in Hi contains a dense countable 
set and for (iv) we note that B{-)h, h E Hi,is the pointwise hmit for some sequence 

{B{-)hn), hn e Hi. □ 



3 Multiplicative ergodic theorem and exponential 
dichotomy 

In this section we introduce random dynamical systems U consisting of linear con- 
tinuous operators U{t,u}) £ L{H,H). In particular, we now study linear random 
dynamical systems generated by random linear evolution equations 

nil 

— + A(9tuj)u = 0, u(0) = xeH. (3.4) 
dt 

To describe the properties of the operator A let {H, (•, •), || • ||), {Hi, (•, •)!, || • ||i) 
be two separable Hilbert spaces where Hi is densely and compact embedded into 
H. We assume that A is given by linear operators A{uj) £ L{Hi,H) such that 
Lo A{lj) is strongly measurable. In addition, —A{lj) are generators of an analytic 
Co-semigroups on H denoted by e"'^"*'"-', r > 0, and the function t A{9tLo) is 
Holder continuous with values in L(Hi,H). Namely, the function 

R3t^ A{0tuj) 

is in C''{M., L{Hi, H)) for p £ (0,1). For the definition of this space see Amann 
[T] Page 40f. We also assume that there exists a random variable ^1(0;) > so 
that the resolvent set of —(kiiuj) + A{uj)) denoted by p{—{ki{uj) + A{uj))) contains 
K."*", and the mapping t ki^OtOj) is supposed to be Holder continuous. We define 
Aui{t) :— A{0tuj), fci_(j(i) :— ki{6tuj) for uj £ fl. According to the above properties, 
A^j generates a fundamental solution Uuj (or a parabolic evolution operator), see 
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Amann [T]. For our application we need the following parts of the definition of a 
fundamental solution. Let J = [0, T], T > or R+. 

eC{JA,L,{H)), Ja = {(t,s) G J2,t > s}. (3.5) 
t ?7cj(t, s)x, X & H, t > s solves (3.6) 

^ +A^(t]u = 0, u(s) = X, where U^(-,s) £ C^Un (s, oo); L(H)). 
at 

U^{t,t)^ id, U^{t,s) ^UUt,T)oUUT,s), T>t>T>s. (3.7) 
sup it~-s)\\A^{t)U^{t,s)\\<oo. (3.8) 

T>t>s>Q 

Ls{H) denotes the strong convergence on the set of continuous linear operators 
L{H) on H. For the operator norm L{Hi,H), L{H) we simply write || • ||. In 
addition, we have 

||t/^(t,s)|| <ae^-(*-^) (3.9) 
for appropriate constants C^j, fi^j, see Amann [I] Theorem II.4.4.1. 

We consider the following simple transform 

These operators are fundamental solutions of an equation generated by 

Ak,.,uj{t) = ki^^{t)id + A^{t). 

We have fci.i^(t) < Ki^^^t on every interval [0, T]. Then we can introduce the 
operator 

AK^,uj,T{t) ^ A'i,^,Tid + A^{t). 

For such a i^i.tj.T, the condition (II. 4. 2.1) in Amann [Ij, Page 55, is satisfied on 
[0, T]. This gives us the existence of a unique fundamental solution with generator 
Aki,(^.t and hence with generator A^; see [J, Corollary II. 4. 4. 2. In particular, for 
any T > we have some Mt^uj such that 

Mj^l^Mi < \\AK,,u.,TitM < ^T,u;l|a;||i. 
We then can conclude by p.Sp 

sup {t~s)\\UKi^T{'t^s)\\i < Mt,u sup {t-s)\\AKi^Tit)UKi^T{'t^s)\\ < °° 
T>t>s>0 ' ' T>t>s>0 

such that Uki ^ j,{t, s), s < t E J and hence U^{t, s) for t > s are compact linear 
operators by the compact embedding Hi C H. For t — case, see [I]. 

Our intention is now to derive from the fundamental solution a random dynamical 
system. We set 

Uit,Lu) :=C/^(t,0). 
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By Ai^(t) = Ag_^i^{t — s), t > s the cocycle property follows directly from (|3.7p 

U{t + T,Uj) = U{t,9rLu)oU{T,Uj) (3.11) 

Replacing A^^ by the operator given by (|3.10p we can assume that the resolvent set 

of —A{uj) contains R"*". 

Considering the Yoshida approximations 

A'iuj) = A{uj){id + eA{Lj))-^ e L{H, H). 

By our assumptions on the resolvent set these operators are defined for e > 0. 
Then the solution of the equation 

(III 

— ^A'{dtuj)u = Q, u{0)^x 

can be constructed by Picard iteration so that the associated fundamental solution 
forms a random dynamical systems if A"^ is strongly measurable. In particular, 
we note that from Amann (II. 6. 1.9) follows that 

t^\\A'{6tu)\\ 
is Holder continuous, hence locally integrable. 

We have to prove that the Yoshida approximations are strongly measurable. Indeed 
ioT h G H the operator (A + A{uj))~^ exists for every A > as an operator in 
L{H, Hi). By Skorochod [25] Chapter II. 6. 3 the random variable (A + A{ui))~^h is 
measurable with respect to B{H). But we have 

see Vishik and Fursikov[26 Chapter II. 2. which gives the strong measurability of 
Then by the convergence of the Yoshida approximations we have the pointwise limit 

lim U^-{t,u})x = U{t,uj)x 

for every x G H (see Amann Theorem II. 6. 2. 4) which shows that U is a random 
dynamical system. In particular, it holds. By p.Sp . that the mapping t — > Ui^{t, 0)x 
is continuous for t > 0. Hence due to Castaing and Valadier [9j Lemma HI. 14. 

{t,uj) U^{t,0)x 

is measurable. Similarly, since {t,uj) Uuj{t,0)x is measurable for fixed x € H, 
and the mapping x — s- U^{t,LL!)x is continuous, we have that 

{t,U!,x) -> U^{t,0)x 

is measurable. Together with p. lip , U defines a continuous random dynamical sys- 
tem. If we consider the original random dynamical system by the inverse transform 
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to (|3.10p we can conclude that A generates a random dynamical system. 

Summarizing the above discussions, we have the following theorem on linear cocy- 
cles. 

Theorem 3.1 (Generation of linear cocycle) 

Let A{uj) G L{Hi, H) be generators of analytic Co-semigroups on H . The separable 
Hubert space Hi is compactly and densely embedded in the separable Hilbert space 
H. In addition, we assume that t — > A{0tuj) is Holder continuous in L{Hi,H) and 
D, 3 Lo —f A{uj) e L(Hi,H) is strongly measurable, and the resolvent set of —A{lu) 
contains the interval [fci(w),oo) where ki > is a random variable. Then l{S.4\ l 
generates a random dynamical system of compact linear operators on H . 

We consider the following example. Let A be the following linear differential oper- 
ator over a bounded domain O £ M'' with C°°-smooth boundary dO, 

A{x,uj,D)u^ {-iy^\D''{a^^six,io)D^)u. (3.12) 

1 7 1 , 1 5 1 < m 

We suppose that a^^s forms a stochastic process 

{t,Lu)~>a^,s{OtL^,-) e C"'{6) 
which has Holder continuous path. The principal part of A 

7|,|(5|=m 

is supposed to be uniformly elliptic 

a^^s{x,U!)z^zs > 2fco(a;)|z|™, z = {■ ■ ■ , z^, • • ■ ) 



7|,|(5|=m 



where the vector z is indexed by the multi-index 7. The random variable fco(a;) G 

(0, Qo) is supposed to be independent of x G 0. We also assume that t 

is Holder continuous. The differential operator will be augmented by boundary 

conditions 

u\eo^Q^\do = --- = -^^i\oo (3.13) 

and n denotes the outer normal. We set 

H = L^{0), V = H'^{0), Hi = VnH^"'{0) 

where i/™ and H^"^ are standard Sobolev spaces. A more specific example is A = A 
(Laplace operator), under the zero Dirichlet boundary condition. 

We introduce the continuous bilinear form on V: 
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satisfying the Lax-Milgram condition 

bujiu,v) > ko{u)\\u\\y. 

Then A{x,lu,D) generates an analytic Co-semigroup in H with generator denoted 
by A{u!) and D{A{llj)) ~ Hi for every w e il. We note that 

oj A{-,uj,D)he H, heC^\0) 

is measurable, so that lo — > A[ijj)h, h E H, is measurable. In addition, by the 
remarks about the processes aj^s{dt^, ■), the operators A{9tuj) are in L{Hi,H) so 
that we have to ensure that terms like 

sup \\{A{etUj) - A{9sio))hf 

hGC^{0)..\\h\\i = l 

are Holder continuous for G fi. Indeed, we have for appropriate 7, S 

/ |D'^(a^,a(6'sW, x) - a^,5(6'fW, x))D^h{x)\'^dx 
Jo 

< suj) \D'^a-y_s{x,dsUj) — D'^a'y.s{x,9tLu)\'^ / \D^h(x)\'^dx 
xeO Jo 

< Wa^^siOsi^) - a^A^ti^)\\l^(o)\\'^\\wi'^{6)- 

We note that fci can be calculated by an interpolation argument. Then, by the 
assumptions on a^^g and fco: it follows that t ki{dtLo) is Holder continuous. 
In the following we describe the stability behavior of linear random dynamical 
systems with an infinite dimensional state space. To do this we formulate an infinite 
dimensional version of the multiplicative ergodic theorem; see Ruelle [21j . A version 
of this theorem for continuous time can be found in Mohammed et al. |19j . 

Theorem 3.2 Let U he a linear random dynamical system of compact operators 
for t > on H satisfying the following integrahility condition 

E sup log+ ||C/(i,w)|| +E sup \og+\\U{\-t,9tUj)\\<oo. 

0<t<l 0<t<l 

Then there exist finitely or infinitely many deterministic numbers Ai > A2 > • ■ ■ 
(with —00 possible) and linear spaces H = Vi D ¥2(10) D ■ ■ ■ , such that 

(i) Each linear space Vi{u)) has a finite co-dimension independent ofuj. 

(ii) The following limits and invariance conditions hold: 

lim ilog||C/(t,cj)a;|| = A, for x £ Vi{oj) \V^+i{uj) 

t—*oo t 

Uit,UJ)V^{uJ) cV,i9tUj) for t>0 
for t > and for all u) contained in a set Q. of full measure such that 9t^ C fi, i > 0. 
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The numbers Ai, A2, • • • are called the Lyapunov exponents associated to U. The 
set of these numbers forms the Lyapunov spectrum. 

By the above theorem we can derive the following exponential dichotomy condition 
for [/; see Mohammed et al. [TO] , 

Theorem 3.3 Suppose that the following exponential integrability condition is sat- 
isfied 

L'(w):=log+ sup \\U{ti,6t^uj)\\, ED < 00 (3.14) 

and suppose that X £ R is not contained in the Lyapunov spectrum. Then there 
exists a {9t}teWL invariant set D, of full measure such that for uj E D, we have the 
following properties: There exist linear spaces E^{uj), E'^{uj) such that 

H = E''{lo)®E''{lo). 

The space E^{uj) has a finite dimension independent ofoj; 

U{t,uj)E''{uj) = E^'iOtUj) 
U{t,oj)E%uj) C E%dtuj) 

for t >0. The restriction ofU{t,Lo) to E^{uj) is invertible. There exist measurable 
projections 11" (w), Il'^{uj) onto E"(u!), E^{uj). In the case that Xi < X we have 
E" = {0}. 

Suppose that Ai > A and let A+ be the smallest Lyapunov exponent bigger than X 
and let A_ be the biggest Lyapunov exponent smaller than X. Then we have for any 
e > 

\\U{t,uj)x\\>\\x\\e°'* for X e E''{lj), t>T{uj,£,x), a = X+ - e 
\\U{t,Lj)x\\<\\x\\ef^^ forxeE^iuj), t>T{uj,e,x), [3 = X- + e 

where e is chosen so small that a > (3. 

Remark 3.1 i) The integrability condition of Theorem l3.3l ensures the integrability 
condition of Theorem 13.21 

ii) The space E^{uj) is given by Vi{Lo) if A_ = Ai. 

iii) It follows directly from the invariance of the spaces E"{uj) and E^{u!), that 

n"(6'tu;)t/(t,cj) = [/(t,w)n"(tj) 

u'{etuj)u{t,Lj) = J7(t,w)n"(w) 

on a {0t}tgR-invariant set of full measure. 

We denote the restriction of U{t,uj) to E'^{uj), E^icu) by Ul^{t,Lu), U^{t,uj): 
Ul'-{t,Lo):E'^\u;)^E't{OtU^)- 
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In the following we need the norm of these operators {t,uj) which should be 
denoted by ||C/^^"(t,6' 

s'^)llL(£;=/")(e,w),£;=/"(6»t+3Uj))- But to avoid these long expres- 
sions in the norm we simply write || • || for the norm. From the context, this is not 
to be confused with the norm in H. 

Lemma 3.1 Suppose that the integrability condition of Theorem \ 3.3\ is satisfied. 
Then there exists a {9t}teR invariant set of full V -measure and a constant such 
that 

\\U^{t,u;)\\<H!^e^' fort>0,coeh 
for a sufficiently large A. 

Proof. 1) We show that on a {Ot}teR invariant set of full measure 



By 

m(t,Lo)\\<\\U{t,u;)\\ 

we have that Elog" ||[/^(1, cj)|| —: A < oo. By Kingman's theorem (see Ruelle [21] ) 
there exists a set of measure one such that for any lu in this set we have that 

lim ilog||;7,"(z,c.)|| =A. (3.15) 

Hence 

■.= {ujen: limsupilog||C/^(i,6i„w)|| < A} E J" 

and set 

n 

This set is {6't}tgz-invariant and has probability one. Let fi^ be the {9t}tei.~ 
invariant set so that 

lim -D{9i+„uj) = 0, n e N. 

i^±oo i 

By the integrability condition (I3.14p and by 

D{etu;) < Die,+[t]Lu) + D{e[t]u;) 
we have that il^ has full measure 

lim -D{9tuj) = 0. 

t-^±oc t 

such that {6't}tgR-invariant. 
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2) Since f] is {9t}t£Z invariant we can restrict ourselves to the case that 
s £ (—1, 0) for the invariance with respect to continuous time. 
We have for w e fi^ n fJ^ that 

fog \\Ul(t, 0,0;) II < log+ \\Ul{s + t-[s + <], 

+ \og\\Ul{[s + t],uj)\\+\og+ \\Ul{~s,esU^)\\ (3.16) 
<D{e^s+t]^)+\og\\Ul{[s + t],uj)\\. 

(Note s < 0). Thus \\mswpt_^\og\\Ul{t,esUj)\\/t < A. The same is true if we 
replace lu by e Z. Hence OgLO £ Vl^ and hence ^^cj G il^ fl Vl^ . On the other 

hand, for s = we obtain the conclusion. □ 
The following lemma states that one can restrict a metric dynamical system to a 
smaller invariant set of full measure. 

Lemma 3.2 Let VL he defined in Lemma \3.1\ and let J-^ be the trace a algebra of J- 
with respect to Q. Then 9 is 

{J^fi (E) /B(R), J-q) — measurable. 

Proof. A' e JFjj if and only if there exists a,n A £ T such that A' ~ AOft. Hence 

9-'^{A') = e-\A)n{nx]^} e (j^ns(]R)) n (o x k) 

by the invariance of (l. Let R be the set of measurable rectangle sets of 51 x M. It 
follows from Halmos 16J Section 5 Theorem E that 

{Tr\B{R)) n (f2 X M) = a{R) r\{QxR) = aiRr\{n X M)) = J^jj ® 6(M). 

This completes the proof. □ 
Let P be the restriction of P to • In. the following we will denote the new restricted 
metric dynamical system {Ct,Tf'^,F,9) by {fl, !F,P,9). 

Our considerations are based crucially on the following theorem, which says that 
multiplicative ergodic theorem (MET) (i.e., the existence of Lyapunov exponents) 
implies nonuniform exponential dichotomy in infinite dimensional Hilbert spaces. 

Theorem 3.4 (MET implies nonuniform exponential dichotomy) 

Assume the assumptions of Theorem \3.3l Suppose that Ai > A and let A-)- be 
the smallest Lyapunov exponent bigger than A and let A_ be the biggest Lyapunov 
exponent smaller than A. There exist a tempered random variable KI(lu) and a 
tempered from below random variable K^{u!) such that, fort > 0, uj G fl and e > 0,, 

\\U^it,u;)\\>K-,{Lu) e(^--^)' 
\m{t,u;)\\<I<i{Lo) e(^-+^)'. 

Remark 3.2 This nonuniform exponential dichotomy is also called nonuniform 
pseudo-hyperbolicity; see Definition \4.1\ in the next section. 
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Proof. Wc start with if". By Lemma [5TT] we can assume that 

\\U^{t,uj)\\< H^e^* for t>0,ujen (3.17) 

where A is chosen bigger than A (see Lemma [3.11 (|3.15p ) and [A+j. Sufhcient for 
the conclusion of the first part is to show that 

1 ei^"-<^)t e(^"~'')* 



is a tempered random variable in (0, oo). Indeed, to see that ^/K'^ is a random 
variable we note that t ||?7J^(t, w)|| is continuous on (0, oo) by the finite dimen- 
sionality ofE^iuj). In addition, by U{-,uj) e C{R+,L,{H)) the norm \\U^{t,uj)\\ is 
bounded away from zero for t — > 0. Indeed, We have 

\m{t,Lo)\\ > \\U^{t,u;)xl \\x\\ = l,xe E'\u), 

where the right hand side converges to one as i ^ 0. Similarly, we have on f2 

g(A+-e)t g(A+-e)t 

^™^^PTir?377 — Til - ^™^^P"n7?377 — TT < dl^^ll = 1) 

t^oo \\Ul[t,uj)\\ t^oo \\Ul{t,uj)x\\ 

which follows from Theorem 13.31 According to Lemma [5TT] 



e""^* < Ml for any t > 0. 

- ||t/j:(i,w)" 



We then see that for s > 



1 . JK-e)t 

-e-2A- = sup _e-2A- 



K^iOsi^) t>o\\U^it,9sij) 

(A+-£)t (A+-e)s » . /X > 

< sun - - P^As rrA -(A+-e)s 

- Jo\mt,9sCu)\\\\U'^{s,u;)\\ 

(A+-e)(t+s) 

< sup—— rT7e-^"i?^e-(^+^^)" 

< -A^^(A+~e)s 

-^a"M 

which goes to zero for s ^ oo. Thus the condition (|2.3p gives the first part of the 
conclusion. 



Now we show the existence and temperedness of -K'^(w) on the stable space. We 
first show this for discrete time and then extend it to continuous time. Define 
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We use the Kingman subadditive ergodic theorem (see Theorem A. 1 in Ruelle [H]). 
Define Fn{i~o) = log ||C/|(n, a;)||. We can check that Fn satisfies the conditions in 
the Kingman subadditive ergodic theorem. Therefore, together with Ruelle's MET 
|21| . there exists a invariant measurable function F{uj) such that 

F{u)^ lim -i^„(w) = lim log-||[/|(n,w)|| < A_. (3.18) 

n — ^oo Ji n — ^oo fi 

Now set G{uj) = A_. Then G{uj) > F{lo). As a consequence of Kingman's subad- 
ditive ergodic theorem (see Corollary A. 2 in Ruelle [21]), for every e > 0, there is 
finite- valued random variable Kg{uj) such that when n > m, 

\og\\Ux{n - m,0muj)\\ < {n - jn)X^ +n^ + Ks{u;), a.s. (3.19) 

To see the temperedness of is is sufficient to show that 

lim Kl{esUj)e^'' = 0, 

S— i-OO 

for some sufficiently large A. But this follows from the definition of Kf^ and from 



\\U'^(t,0sUj)\\ < \\U{l + t-[t] - 1 - [s] + s,0[,]+[t]c^)||x 

X m{[t]-l,0,+ [,^Lu)\\\\U{l-S+[.sl0,Lu)\\ 

< gD{eis] + it] + iuj) ^D{ei,-i + it]uj) ^K^{u)+e{[s] + l) + {\- + ^){[t]-l) ^DiBi^-fUj) 

for t > 1 and similarly for t G [0, 1]. □ 
We now are prepared to show that the random partial differential equation 

— + A{0tuj)u = F{0tuj,u), u{0)=xeH, (3.20) 

via its solution mapping, defines a continuous random dynamical system. Here 
the nonlinear term F does not depend on the gradient of u. A similar result for 
stochastic partial differential equations is in [14]. 

Theorem 3.5 (Generation of cocycle) 

Let 

F -.nx H ^ H 

be a mapping such that F(-,x) is {J-,B{H)) measurable for x G H and F{lu,-) is 
Lipschitz continuous for w G £7 with a Lipschitz constant L{lj) such that 

/ L{0sLo)ds < oo for — oo < a < b < oo. 

J a 

Then 13. 20\) has a unique (mild) solution on any interval [0, T] for any w G f2 which 
generates a continuous random dynamical system. 
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Proof. We consider the Polish space Ct,x '■= C{[0, T], H) of continuous functions u 
with values in H and u(0) = x. This space is equipped with the norm 

|||u||| = sup e^^*||u(t)|| for some A > 0. 
te[o,T] 

We consider the mapping 

%{u)[t]:^U{t,u)uiO)+ f U{t~s,9sto)F{esU^,uis))ds, te[0,T], u € Ct,x. 

Jo 

(3.21) 

According to Amann [1] Page 46 f. we have that Tx{u) S Ct.x- Due to (|3.9p we 
obtain 

||C/(i-s,0,c^)|| = ||C/..(<,s)|l < ae'=°(*-^). 
We now choose A sufficiently large such that 

max / e-('^-'^»*-'')CL(6i,u;)ds < -, A > fco, (3.22) 
te[o,T]Jo 2 

where = /^(w), C = Ci^. Indeed s — > C L(9sUj) is an integrable majorant for the 
integrand in the above integral with respect to A. For A — > oo the integrand goes 
to zero for almost all s G [0,t]. By the Lebesgue theorem the integrals go to zero 
for A ^ oo and for any t. Note that for fixed t the integrals are monotone in A 
such that, for sufhciently large A, we have the inequality (|3.22p by Dini's theorem. 
We then have the contraction condition 



\\\%iu) - %{v)\\\ < ma^ / e'('^-^)(*-")CL(6l,w)ds||| w — w III < — |||u — ulll. 

*6[0,T]Jo 2 

The Banach fixed point theorem gives us a solution of (|3.20p which is continuous in 
t for any a; G fi, T > and A = A(a;, T) sufficiently large. 

The solution of (|3.20[) depends continuously on x what follows by the Gronwall 
Lemma from the Lipschitz continuity of F. 

The norms ||| ■ ||| are equivalent to the standard supremum norm for every A > 0. 
Hence we can construct the solution of (|3.20p by successive iteration of the operator 
Tx starting with the measurable function u'^{t,uj) = x. We see that the solution is 
a pointwise limit of measurable functions, hence measurable. Let ip{t,Lu,x) be the 
solution operator for ()3.20p . The measurable dependence on x, t, lo follows in the 
same way as for the linear case, see above. The cocycle property follows by 

rt+T 

Lp{t + T,UJ,x) — U{t + T,Uj)x + / U{t + T — S,9sU})F{9sUJ,ip{s,U},x))ds 

Jo 

^U{t,drto){U{T,Uj)x+ / U{t - S,est0)F{9sUJ,ip{s,UJ,x))ds) 

Jo 

+ / U{t,6s6r(^)F{9s0rUJ,ip{s,6TUJ,^p{T,UJ,x)))ds. 

Jo 

Hence is a continuous random dynamical system. □ 
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4 Invariant Manifolds 

In this section, we consider a general nonlinear random evolutionary equation in a 
Hilbert space H 

du 

— +A{9tUj)u^F{etuj,u), (4.23) 

with the random linear operator A and nonlinear part F. We assume that the linear 
equation 

nil 

^ + A{etu)u = (4.24) 
at 

generates a linear random dynamical system U{t,uj) on H ioi t > 0. We first 
introduce a weak hyperbolicity condition on the linear dynamics. 

Definition 4.1 U{t,uj) ('or u = Oj is said to 6e nonuniformly pseudo-hyperbolic 

if there exists a Ot-invariant set 51 C of full measure such that for each G fl, 
the phase space H splits into 

of closed subspaces satisfying 

(i) This splitting is invariant under U(t,uj): 

U{t,uj)E'{uj) C E'{6tuj) 
U{t,oj)E''{u) C E'^iOtOj) 



and U{t,LL!)\Ei'[uj) is an isomorphism from E^iuj) to E^(6tUj). 

(a) There are 9-invariant random variables aicu) > (3{uj), and a tempered random 
variable K(uj) : — > [1, oo) such that 

|[/(t,w)ff(cj)|| < ii:(w)e'^('^)* fort>0 (4.25) 
||(C/(-t,0tc^)U„(e,^))"'n"(c^)|| <if(c^)e"(-)* fort<0., (4.26) 

where n''(a;) and 11" (w) are the measurable projections associated with the 
splitting. For our special setting of ergodicity we can assume that a > (3 are 
constant on a {9t}teM-invariant set of a full measure. 

Let 

U}:{t,u) = U{t,Lo)\E^(^~, and f/|(i, c^) = (/(t, l^)|s,(^) 

where A generates some splitting of H, see Section [3] Then, the condition (i) in the 
above definition implies that we may extend U^{t,Lu) to be defined for f < as 

UUt,u;)^{UU-t,9tcu))-\ 

One can easily verify that the cocyclc property holds for the extended system 
U^it,uj) with t e M. 
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Remark 4.1 As uj varies, (3{uj) may he arbitrarily small and K{ui) may he arbi- 
trarily large. However, along each orbit {^tw}, a{uj) and are constant and 
K{uj) can increase only at a subexponential rate. Thus, the linear system U{t,uj) 
is nonuniformly hyperbolic in the sense of Pesin. As an example, let U(t,uj) be an 
infinite dimensional linear random dynamical system satisfying the conditions of the 
following multiplicative ergodic theorem. Then, the nonuniform pseudo-hyperholicity 
we introduced here automatically follows. 

For the remainder of this paper, we assume that 
Hypothesis A: U {t, lj) is nonuniformly pseudo-hyperbolic. 
For the nonhnear term F{uj,x) we assume that 

Hypothesis B: There is a ball, M{uj) = B{0,p{uj)) = {u e H \ \\u\\ < p{uj)}, 
where p : il — » (0, oo) is tempered from below and p{9tuj) is locally integrable, such 
that F{lo, •) : J\f{Lo) —^His Lipschitz continuous and satisfies F{u},0) = and 

\\F{uj,u)-F{uj,v)\\ < Bi{uj){\\u\\' + \\v\\')\\u-v\\, lj e n, u,veN'{uj). 

where Bi{uj) is a random variable tempered from above, Bi{9tuj) is locally integrable 
in t and e 6 (0, 1] . 

Later we can see that we can extend such an to x iJ such that the assumptions 
of Theorem 13.51 are satisfied. 

Next, we introduce a modified equation by using a cut-off function [2]. Let (t(s) be 
a C°° function from (— cxo, oo) to [0, 1] with 

a{s) ^ 1 for \s\ < 1, cr(s) = for \s\ > 2, 

sup|ct'(s)| < 2. 

Let p : ^ (0, oo) be a random variable tempered from below such that p{9tuj) is 
locally integrable in t. We consider a modification of F{lo,u). Let 

Fp{u;,u)^a(^^^F{u,u). 

An elementary calculation gives 

Lemma 4.1 (i) Fp{uj,u) = F{uj,u), for \u\ < p{uj) and ||Fp(a;,'u)|| < Bo{uj), 
where B{lu) > is a random variable tempered from above and B{9tOj) is 
locally integrable in t ; 

(ii) there exists a random variable Bi{lu) > tempered from above, Bi{9tOj) is 
locally integrable in t, such that 

\\Fp{ijj,u) — Fp{uj, v)\ \ < Bi{uj) i^p{uj)Y\\u — for all u,v E H. 
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We now consider the following modified equation 

du 

— +A{etu)u^Fp{etu,u). (4.27) 
at 

Using Lemma im this modified equation has a unique global solution for each given 
initial value u(0) = wq, thus generates a random dynamical system. 

We consider the Banach Space for 7(0;) = "(")+^('^) 

Cl. — < u\u : W E is continuous and sup ||e~'*''''^''*u(t)|| < cxo i> 

I t<Q J 

with the norm = supt<Q ||e^''''^'^-'*u(i)||. Let u{t,uj,vP) denote the solution of 
equation (|4.27p and set 

M"(w) = {u"|u(i,a;,M°) is defined for aU t < and u(-,w,u") e C'] . 

Then the set Af" is called local unstable invariant set. If M"(a;) can be defined by 
a graph of a Lipschitz continuous function then we call M"{u;) Lipschitz pseudo- 
unstable manifold for equation (j4.27p . 

Theorem 4.1 (Pseudo-unstable manifold theorem) 

Assume that Hypotheses A and B hold and choose the tempered radius p{lu) such 
that 

Then there exists a Lipschitz pseudo-unstable manifold for equation ^.27^ which is 
given by 

Ar{Lu) = {p + h''{Lj,p)\p e E'^iuj)} 
where h"{uj, •) : E"{lu) E'^{lo) is Lipschitz continuous and satisfies /i"(w,0) = 0. 

Remark 4.2 When a{Lu) < 0, the assumption F{lo, 0) = can be removed. This 
corresponds to the inertial manifold in deterministic case. If F is continuously 
differ entiable in u, then is continuously differentiable in u. Note that h" and 
thus the local manifold depend on p. The proof below shows the existence of a 
unstable manifold for the truncated equation ^.27^ , and as in 181, it can be shown 
that this is indeed a local unstable manifold for the original equation (|4.23p 

Proof. We use the Lyapunov and Perron approach to show this theorem. Then 
M^iuj) is nonempty since u = G M"{lo), and invariant for the random dynamical 
system generated by (j4.27p . We will prove that M"(aj) is given by the graph of a 
Lipschitz function over E^{lj). 
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We first claim tiiat for u(-) G [uo) u(0) G M"(cj) if and only if u{t) satisfies 



U{t) ^U^{t,Uj)i+ I Ul{t-T,6rUj)\r'Fp{6rUJ,u)dT 

(4-29) 



/ Ui{t-T,erUj)n'Fp{erUJ,u)dT, 
J — oo 



where ^ = n"u(0). 

To prove this claim, we first let u(0) = G M'^{lo). By using the variation of 
constants formula, we have 

n^u(i) =[/^(t,w)n''u°+ /" Ul{i~T,Br^)\V'Fp{Qri^,u)dT, (4.30) 

Jo 

and for to < t 

n'u{t)^U'^{t^to,9t„Uj)U''u{to)+ [ Ul{t^T,erUjWFp{6rUJ,u)dT. (4.31) 

J to 

Since u G , we have, for to < t.,tQ < 0, that 

< e'^^")* (if (0t„w)e(^(")-'^("»*°) ^0 as to ^ -oo, 

where we used the facts that (3{llj) < 7(w) and K{uj) is tempered from above. Taking 
the limit to ^ — oo in (|4.3ip . 

Wu{t)^ I Ul{t~T,erUj)n'Fp{9rUj,u)dT. (4.32) 

Combining (|4.30p and (|4.32p . we obtain (|4.29p . The converse follows from a direct 
computation. 

Let J^{u,p,uj) be the right hand side of equality ([i?^ . Using (g^S]), ([iT^ . 
Lemma im and (|4.28p . we have for u,u G C~ 

\J''{u,p,U;)-J^{u,p,L0)\- 




< sup i / e 



{<-{-^)-li'-)){^-r)K{er^)Bx{er^)p'{er^)dT 
J — oo 



1, 

< -j\u-u\. 



and 



\J^{u,p,Lo) - J^{u,p,to)\- < K{u;)\\p-p\\. 
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Using the uniform contraction mapping principle, we have that for each p G E^lco) 
has a fixed point, thus equation (|4.29p has a unique solution cj) e C~ 

which is Lipschitz continuous in p and satisfies 

- ^ ^K{uj)\\p--p\\. 

Let 

= ffu(0,p,w) = / U'^{-T,0rij)n''Fp{erUJ,u{T,p,Uj))dT. 

Then 0) = and ■) is Lipschitz continuous. 

By the definition of /i" and the fact that u° G M"(w) if and only if ((i:^ has a 
unique solution u{-) in C~ with w(0) = = p + h^{uj,p) for some p e E'^{llj), it 
follows that 

This completes the proof of the pseudo-unstable manifold theorem. □ 
Theorem 4.2 (Pseudo-stable manifold theorem) 

Assume that Hypotheses A and B hold and choose the same tempered radius as 
in Theorem \4-l\ Then there exists a Lipschitz pseudo-stable manifold for equation 
l^.gTp which is given by 

M^Lo) = {q + h'{u;,q)\q £ E'{u;)} 

where h'^{uj, •) : E'^{uj) — > E"{uj) is Lipschitz continuous and satisfies /i"(w,0) = 

Remark 4.3 Restricting M"(w) and M^{lo) to a random ball J\f{uj) with center 
zero and a random radius tempered from below gives local random pseudo-unstable 
and pseudo-stable manifolds for equation {4^.23^ , respectively, see Lu and Schmalfufl 

Proof. When is a finite dimensional space, one can simply reverse the time to 
get the pseudo stable manifold by using the pseudo-unstable manifold theorem. For 
an infinite dimensional space H, since the random dynamical systems are generally 
defined only for t > 0, the pseudo-unstable manifold theorem cannot be applied 
here as for the finite dimensional systems. Define the following Banach space for 

C" = < u\u : M" ^ i? is continuous and sup ||e^*u(t)|| < oo 
I t>o 



with the norm = supj>Q ||e'''*u(t)||. 

M%co) = {u° : u{;uj,u°)£C:;}. 



'h 
Let 
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It is easy to see that M''{oj) is nonempty and invariant for the random dynamical 
system generated by equation (|4.27|) . We will show that M''{uj) is the graph of 
a Lipschitz function over E''{u)). First, a similar computation as in the proof of 
Theorem 14.11 gives that, for u(-) G C^, it(0) G M^{ijj) if and only if u{t) satisfies 

u{t)^Ui{t,u)q+ f U'^it - T,drL0)n'Fpi9rL0,u{T)) 

(4.33) 



where q — n'*u(0). 

We will show that for each q G E^{uj), equation (|4.33p has a unique solution in C+. 
To see this, let J'''{u,q,uj) be the right hand side of (|4.33p . A simple calculation 
gives that J'" is well-defined from to itself for each fixed w G il and q G E^{ijj). 
For any w, u G C+, using (|4.25p . (|4.26p . Lemma Ol and (|4.28p . we have 

\J'{u,q,uj)-J'{u,q,u;)\+ < - u\+ (4.34) 

and 

\J'{u,q,Lu) - J%u,q,L0)\+ < Kiiu)\\q - q\\. 

Using the uniform contraction principle, we have that for each w G and q G E^{uj) 
equation (j4.33p has a unique solution u{-,q,uj) G which is Lipschitz continuous 
in q and satisfies 

\u{-,q,u;)-w{-,q,uj)\+ <2K{u;)\\q-q\\. (4.35) 
Let h''{uj,q) = U'u{0,q,Lj). Then 

h'{q,uj)^ f U^{-T,erUj)n^Fp{9riu,u{T,q,uj)dT, 

J oo 

h''{uj,0) = 0, h^{ijj,q) is Lipschitz in q. Using (|4.33p and the definitions of A'P{uo) 
and , we 

M\uj) = {q + h\uj,q) : q(,E\uo)]. 
This proves the pseudo-stable manifold theorem. □ 



5 An application 

In this section we will illustrate the above random invariant manifold theory by 
applying it to an example of stochastic partial differential equations. 
Let iJ be a separable Hilbert spaces with scalar product (•, •) and norm | • |. Consider 
an (imbounded) operator A : D{A) Hi ^ H which is supposed that —A is the 
generator of a analytic Co-semigroup {SA{t)}t>o on H, being SA{t) compact for 
all t > 0, and so that —A possesses infinitely many eigenvalues 

A*i > • • • > /^j > ^-j+i > > • • • (with fjLj — oo as j — » oo), 
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with the associated eigenvalues {ej}j>i forming a complete orthonormal basis of 
H. 

For instance, we can consider as operator A the one given in p.l2p which satisfies the 
homogeneous Dirichlet boundary conditions (|3.13p . assuming that is symmetric and 
has a compact resolvent. Then the above assumptions are satisfied with H = L^{0). 
On the other hand, assume that / is a Lipschitz continuous operator from H to H, 
i.e. 

||/(ui) - /(u2)|| < - U2II, for all m, U2 e H, 

wi, ■ ■ ■ , wn are one-dimensional mutually independent standard Wiener processes 
over the same probability space, and Di S C{H) for i = 1, • • • ,N. Then, we consider 
the following scmilincar stochastic partial differential equation with multiplicative 
Stratonovich linear noise 

JV 

dX + AXdt = f{X)dt + J2DiX odw^. (5.36) 

i=l 

The operators Di generate Co-groups which we will denote by ■ If, in addition, 
we suppose the operators A, Di, ■ ■ ■ , D]\[ mutually commute (what implies that 
these groups and the semigroup SA{t) generated by A are also mutually commut- 
ing), then this stochastic equation will generate a random dynamical system by 
performing a suitable transformation (see Lemma l2.ip . 

We consider the one-dimensional stochastic differential equation 

dz — —V z dt + dw{t) (5.37) 

for some v > 0. This equation has a random fixed point in the sense of ran- 
dom dynamical systems generating a stationary solution known as the stationary 
Ornstein-Uhlenbeck process. 

Lemma 5.1 (J^) Let v be a positive number and consider the probability space as 
in Section\^ There exists a {9t}teM-invariant subset Cl T of fl = Co(IK., M) of full 
measure such that 

lim M!^ = o, (5.38) 

f— nboo t 

and, for such lo, the random variable given by 

z*{uj) := -V f e''^uj{T)dT 
J —00 

is well defined. Moreover, for lo & fl, the mapping 

{t,uj) z*{etu) = -v I e''''9tUj{T)dT 







e"'' uj{t + T)dT + uj{t) 
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is a stationary solution of ^5.37\ l with continuous trajectories. In addition, forcu G Q 
lim ^ 0, lim - f z*{e^uj)dT = 0, 

t^±00 \t\ t^±00 t Jq ' 



1 r 

lim - / |z*(6'^a;)|dT = E|z*| < oo. 

-^±00 t Jq 



t^±oo t 

Let 1^1, ■• • , i^AT be a set of positive numbers. For any pair i^j^Wj we have a sta- 
tionary Ornstein-Uhlenbeck process generated by a random variable z*{u}) on VI j 
with properties formulated in Lemma 15.11 defined on the metric dynamical system 
[VLj^TjJj^e). We set 

{n,T,¥,e), (5.39) 

where 

AT 

1=1 

and is the flow of Wiener shifts. 

To find random fixed points for (|5.36p we will transform this equation into an 
evolution equation with random coefficients but without white noise. Let 

T{uj) Sd^ {zl {uj)) o • • • o Sdm {z*N{i^)) 

be a family of random linear homcomorphisms on H . The inverse operator is well 
defined by 

Because of the estimate 

||T~-^(tj)|| < ell-^illl^'i^'^^l • . . . • e"-°"lll''«'^'^)l 

and the properties of the Ornstein-Uhlenbeck processes, it follows that ||T(6'taj)||, 
||T~-'^(0ttj) II has sub-exponential growth as i ^ ±00 for any w G fi. Hence ||r||, 
||T~^|| are tempered. On the other hand, since z*, j = 1, • • • are independent 
Gaussian random variables we have that 

N 

Hence by the ergodic theorem we still have a {0f}tgR- invariant set fj G of full 
measure such that 

hm \ f \\T{erLo)\\\\T-\erUj)\\dT = nn\\T-'\\ 



t^±oo t 



N 

<l[E{\\SnA~z*)\\\\SDAz*m- 
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We can change our metric dynamical system with respect to fl. However the new 
metric dynamical system will be denoted by the old symbols (fJ, !F, P, 9). 

We formulate an evolution equation with random coefficients but without white 
noise 

^+^A-J2 '^jZ*iOtu;)D}j = T-'{0tu;)f{T{etu;)^), (5.40) 
and initial condition ijj{0) = x E H. 

Lemma 5.2 Suppose that A, Di, • • ■ , Dj\j satisfy the preceding assumptions. Then 

i) the random evolution equation ( [5.^0[ j possesses a unique solution, and this solu- 
tion generates a random dynamical system. 

ii) if ^ is the random dynamical system in i), 

ifiit, uj, x) = TietLj)^{t, Lj, T-\uj)x) (5.4f ) 

is another random dynamical system for which the process 

(oj, t) (p{t, LO, x) 
solves 115.3 6]) for any initial condition x Cz H . 

From now on, we work with the random partial differential equation (|5.40p which 
has been obtained (by conjugation) from our original stochastic PDE. To set our 
problem in the framework previously developed, we denote 

N 

C{cu) = J2 ^,z*,{^)D,, A{uj) ^A- C{u), F{u:, ■) = T~\uj)f{T{uj)-). 
i=i 

Note that F{u), •) is also Lipschitz continuous. The Lipschitz constant L is locally 
integrablc in the sense of Theorem 13.51 

In order to prove the existence of invariant (stable and unstable) manifolds, we need 
to check that assumptions in Theorems 14.11 and 14.21 are fulfilled. To this end, we 
first need to work with the linear part of the RPDE and prove that the solution 
operator U (t, tu) generated by A{9tuj) is nonuniformly pseudo-hyperbolic, what is 
immediately implied by the MET (Theorem 13. 3p . So, it is sufficient to prove the 
integrability condition (|3.14[) in that theorem. 
Indeed, we define U{t,uj) by 

U{t, to) = SA{t) exp 1^ C{0sUj) dsj . 
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Then, defining, for fixed uj £ Q, u E H, the function 

v{t) = U{t,u})u, 

and thanks to the commutativity properties of the operators, we have, 
^w(i) = -ASA{t) exp 1^ C{e,uj) dsj u 

+ SA{t) exp 1^ C{esuj) dsj C{etuj)u 



^ -AU{t,uj)u + C{etLo)SA{t)eyi^\ / C(6'^w) ds J. u 
= -A{etuj)v{t), 

therefore, U{t,Lij) is the fundamental solution for the linear problem 

d 



dt 



v{t) + A{0tuj)v{t) = 0. 



Observe that the compactness of SA{t) and the commutativity property implies 
that U{t,uj) is also compact. 

Let us now prove that assumption (|3.14p is satisfied. Indeed, take ii, <2 G [0, 1], then 



\\U{h,0t,Lo)\\ < WSAih 



exp< / C{9t2+sUj) ds 



< \\SA{ti)\\exp\ / \\C{9t,+sOj)\\ ds , 



and 



log+ \\U{tuOt,Lo)\\ < log+ \\SA{ti)\\ + / \\Ciet,+sU^)\\ ds 



tl+t2 



\\C{Os 



< I/ill + / \\Cie,u;)\\ ds. 



Therefore, 



eI sup \og+ \\U{h,6t,uj)\\] <\ fill + f E\\C{9sio)\\ ds <+oo 

\tl,t26[0,l] / "'0 

thanks to the properties of the Ornstein-Uhlenbeck processes. 



Hence we can apply Theorem l3.4l to find the existence of tempered random variables 
K^, 1/{K^) such that K = + 1/{K^). For the sake of completeness, we will 
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explicitly determine the Lyapunov exponents of U as well as a{uj), P{uj), K{uj) in 
((05)) - ((426l) . First, we will prove that 

lim - log I |C/(t, I 7^ — oo, for all u£H. 

t— V + OO t 

This fact implies that there exists infinitely many Lyapunov exponents. 

Choose an eigenvector Cj of the operator A associated to the eigenvalue /ij. Then, 



lim i log ||?7(i, w)e,H = lim -loge^^* 

i-^ + oo t t^+oo t 

~ n-i + lim — loe 



exp "I y C(0sCj) ds j- e 
cxp I J C{9sU}) ds^ Cj 



since, by the ergodic theorem, and the following inequalities 



1 



-/o c'(e,)ds| 



< e 



it easily follows that 



1 /■* 

lim -log||exp( / C{9sOj)ds) 



= 0, 



and, as a consequence. 



0= lim ilog||exp(— / C{9sUj)ds)\\ < lim ilog||exp( [ C{9sUj)ds)ej 



< lim - log exp / C{9sLj)ds) \\ ^ 0, 

so that the Lyapunov exponents for the random dynamical system U are equal 
to the eigenvalues /ij. As for the associated space Vj it is easy to check that 



where are the eigenspaces associated to /ij . 



Let us now determine a{uj),P{uj) and k{oj) satisfying relations (|4.25p - (|4.26p . To 
this end, let us denote by and /i„ the consecutive eigenvalues which satisfy 



26 



Then, 



ds 



and we observe that 



exp 



Jo 



ds 



[ z*{0sOj)Dj ds 

i=i 

<exp|^^|z/,|||D,|| J^z^iOsUj) ds 



As 



hm - [ z*(esuj) ds = 0, 
then for a given £ > 0, there exists T{s) > such that 



z*{6sUj) ds 



wheTe6 = J2f=iWj\\\Dj\ 
Thus, 



< -t, for all t > T{e), and all j = 1, 2, • • •, TV, 



exp|53k,|||I?,|| / 
[3=1 ■'^ 



z*{0sU}) ds 



<e^\ for all t>T{e). 



On the other hand, for t G [0, T{s)) we have 



exp 1^ \\Dj\\ f^z*{6su:) ds | < exp ^^max^^^ [ ^^^^'""^ 



whence 



I^'jI II^jII ds I < exp 1^ \\Dj\\ ^^max^^j ^ 4(6'sw) ds 



for alH > 0, and, finally, 

expj^ C{e,u;) ds^SA{t)W 



< e(^'+^)*K(w), 



where 



-'^('^) = TT exp < llf,!! max / ^Jf^go;) ds >. 

fj: { "'re[0,T(e)] Jo ^ J 
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It is clear that P{u)) = + £, and we need to prove that K{ui) is tempered. For 
this, it is enough to prove that each Kj{uj) is tempered. Indeed, observe that 



max 

re[0,T(£)] 



< WjI y max 



z*{0s+tio) ds 
\z*{0s+t(^)\ ds 



< II A- II - 



Tie) 



\z*{0s+t(^)\ ds 







t+T{e) 



sLu)\ ds 



( 



<\^MD,\ 



t + r(e) 



t + T{e) 



t+T{e) 



I 1 /■*! * I 

sw) ds - - / \z*(9sUj)\ ds 
t Jo 



V 



J 



ast ^ oo. So, K[ijj) is tempered. A similar analysis can be carried out to determine 
that a(uj) — Hu — £■ 

Therefore, as the nonlinear term F is globally Lipschitz we can take Bi — Lf 
and assumptions in theorems 14.11 and 14.21 are fulfilled. We thus have existence of 
pseudo-unstable and pseudo-stable manifolds. 
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